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Directed-loop Monte Carlo simulations of vertex models
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We show how the directed-loop Monte Carlo algorithm can be applied to study vertex models. The algo-
rithm is employed to calculate the arrow polarization in the six-vertex model with the domain wall boundary
conditions. The model exhibits spatially separated ordered and “disordered” regions. We show how the bound-
ary between these regions depends on parameters of the model. We give some predictions on the behavior of
the polarization in the thermodynamic limit and discuss the relation to the Arctic Circle theorem.
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I. INTRODUCTION cut every edge into two pieces, each piece having an arrow

Vertex models have a long and distinguished history inbelonglng to a specific vertex, see Fig. 1. For a valid vertex

i . o onfiguration the arrows on the two parts of an edge must
physics. Their fame is intimately connected to the concept Oﬁave the same orientation. The directed-loop algorithm is as

integr.ability, and the exact so[utions_of t.he six-verfékand _ follows: Pick a random vertex, and a random edge belong-
the eight-vertex(2] models with periodic boundary condi- ing to that vertex. Based on these choices select in a proba-
tions (PBC) are indeed milestones in physics. Despite beingyjjistic manner another edge belongingupand name that
exactly solvable, there are questions about these models thgfe out-edge. Flip the arrows on both the part of the in-edge
cannot easily be answered. An example is the influence aind the part of the out-edge belonginguto This introduces
boundary conditions on correlation functions. While bound-two discontinuities in the arrow configurations on the edges,
ary conditions are not normally important in the thermody-one on the starting in-edge and another on the out-edge. The
namic limit, they have a profound influence on the vertexnew configuration is thus not an allowed vertex configura-
models. Exact studies, made for the six-vertex model witlion. To repair this, the out-edge discontinuity is moved by
the domain wall boundary conditioi®WBC) [3] show this  repeating the procedure on the vertex connected to the out-
in particular. These studies were restricted to certain points ifdgev,, this time using the out-edge of and the in-edge of

the phase diagram, and involve rather sophisticated mathz. The process is stopped when the out-edge selected is the
ematical methods. It is thus appropriate to complement therfitarting edge, thus healing all discontinuities. In this way
with Monte Carlo simulations. arrows are flipped as a loop is constructed, and a new al-

The purpose of this paper is to demonstrate that thdowed vertex configuration is arrived at when the loop
directed-loop Monte Carlo algorithm developed for quantumcloses. _ o _
spin systemg4] can be used as an effective tool to study [N order to determine the probabilities for selecting out-
vertex models. The discussion of the algorithm will be kept€dges and to see how detailed balance is satisfied one needs
general, but when demonstrating its use we will focus on the
six-vertex model with the DWBC, a model which is difficult
to simulate using other known Monte Carlo algorithms. (

IIl. MONTE CARLO ALGORITHM

In a vertex model, each vertex has edges with an Ising-
like variable, an arrow, that points either away from or into
the vertex. The arrangement of arrows around the vertex de-
termines the vertex weight. Two vertices are joined by their
common edge, sharing the arrow on the edge. The Monte
Carlo algorithm discussed here always flips tyay zerg
arrows on a vertex, thus it is limited to models where an even
number of arrows are pointing away from each vertex. Most
vertex models of interest obey this rule.

In visualizing the directed-loop Monte Carlo algorithm,
originally developed for quantum systeid, it is helpful to

FIG. 1. lllustration of the directed-loop algorithm. Vertex edges
are drawn with two arrows allowing the discontinuity at the head
and tail of the loop to be shown. The thick line shows the loop path
*Electronic address: sylju@nordita.dk along which the arrows has been flipped. The loop closes when the
"Electronic address: zvonarev@fys.ku.dk loop head(thick arrow hits the loop tail(vertical bay.
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loop after it has been constructed. The directed-loop algo-
rithm has no such accept/reject step. A comparison of inte-
grated autocorrelation times for the directed-loop algorithm
and the short-loop algorithm of Barkema and Newman are
E— ] — shown in Fig. 2. The autocorrelation times are measured in
10 100 ; : .
N units of lattice sweeps. One lattice sweep corresponds to a
number of elementary loop moves such that on average each
FIG. 2. Integrated autocorrelation times for numbercefype  vertex on the lattice have been visited twice. In defining
vertices(upper pangland the total polarization in the-direction  visited we include parts of the loop where the loop bounces
(lower pane) for the directed-loop algorithniopen symbolsand  off a vertex(relevant for the directed-loop algorithrand the
the short-loop Barkema-Newman algoritiiclosed symbols The  neck part of short loops. Neither the bounces nor the short-
data shown are for the symmetric six-vertex model onNaxN  loop-necks contribute to changes in the vertex configuration.
square lattice with PBC and vertex weiglisb=2 andc=1. However, they are intrinsic parts of the algorithms and re-
quires computer effort, and should therefore be accounted

to consider also the probability for the reverse update. Th&"-

reverse update consists of traversing the same loop in t}}?or;rr:iemggp;frtﬁgn(?lls(gr\g%lezc%zz\{[\iﬁ 'ﬂfgrﬁaﬁbggtg;ogela'
opposite direction while flipping arrows back. As is ex- 9 P

plained in detail in Ref[4], detailed balance is satisfied for vertipes in each configuration. While the integrated autocor-
S : ! — .. relation times are larger for the short-loop algorithm the scal-
the whole loop construction, if detailed balance is satisfied "]ng with system size appears to be equal for both algorithms.
each edge selecting step, for which the criterion is as folypg joyer panel shows integrated autocorrelation times for
lows: Letw be the weight of the vertex before edge-flips,  he total arrow polarization in the direction. These autocor-
then the probability>(v,i— o) for exiting at the out-edge,  re[ation times scale much worse for the short-loop algorithm
given that the in-edge is should satisfy than for the directed-loop algorithm. This is to be expected
from the fact that most loops accepted in the short-loop al-
gorithm are small, while large loops that wind around the
(1) b S
oundary of the lattice is needed to change the total polar-
ization. These are not suppressed in the directed-loop algo-
wherew’ is the weight of the vertex’ obtained by flipping  rithm, thus leading to better performance.
the arrows on edgesando belonging to the vertex. Notice Equations(1) and(2) form several coupled sets which in
that P(v’,0—1), on the right-hand side, describes an edgemost cases are underdetermined. There are thus many solu-
selecting step in the reverse update process where the looptigns for the out-edge selection probabilittsSome general
traversed in the opposite direction to that described on theolutions and analysis of their efficiency for different quan-
left-hand side. The loop construction should not terminate inum systems were reported in R§F]. Here we employ the
the edge-selecting step, thus solution B in Ref[7] to the eight-vertex model, but solutions
for higher-vertex models are not hard to find as well. The
i B allowed vertices for the eight-vertex model and their statis-
2 Pi—o0)=1, 2 tical weights are shown in Fig. 3. To shorten notation, we
° consider the so-called symmetric case: the statistical weights,
a, b, ¢, andd, of the allowed states are assumed to be invari-
where the sum is taken over all possible out-edges, includingnt under the simultaneous reversal of all arrows. The gen-
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wP(v,i —0)=w'P(’',0—1),

the in-edgd. eralization of the algorithm to the nonsymmetric case can be
This algorithm resembles closely the ice model algorithmperformed easily.
invented by Rahman and Stillings], generalized to arbi- Let W, ..., W, be the vertex weights, b, c, d of the

trary couplings by Barkema and Newmgg]. In fact, at the eight-vertex model ordered so tha =W, =W,=W,. Then
point in parameter space where all vertex weights are equahe probability for picking the out-edge on a vertex with
our algorithm is identical to the long-loop version of the ice weight W, resulting in a new vertex weigw; after flipping
model algorithm. However, away from this point, Barkemaarrows ist;;/W; wheret;;=t; and the nonzero entries of the
and Newman’s algorithm involves accepting or rejecting the4 X 4 matrixt are
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_ _ _ k
tio= (Wp + Wo = W3 = W,)/2, y N x N lattice
N L
t13 = (Wl - Wz + W3 - W4)/2, (3)
tog= (= Wy + W, + W3+ W,)/2, 5|
1 L
ta=W,, T
whenW; —W,-W,—W,<0. Otherwise one needs to include 12 N+1

bounces in which the out-edge coincides with the in-edge. In

. . . FIG. 4. The domain wall boundary conditions. Shown is an
this case a solution can be chosen as follows:

N N lattice. The total number of vertices . Thex andy coor-
dinates take integer values at the midpoints of the horizontal edges.
t1 =Wy = Wo = W3 =W,

description of the model and a comprehensive list of refer-
4) ences are given.

The model is defined on @< N square lattice; the ther-

modynamic limit corresponds tNl—o. There are Six pos-

t; =0, otherwise. sible states at each vertex: one shoulddse® in the eight-

. . - . vertex model as defined in Fig. 3. The model is symmetric:
The directed-loop algorithm satisfies ergodicity as anyrne statistical weightsa, b, andc, of the allowed states are

configuration can be obtained from another configuration by,ssymed to be invariant under the simultaneous reversal of
flipping spins along a finite number giossibly overlapping 41 arrows. Hence, the model is characterized by only two
loops. This process is exactly the directed-loop update, thuﬁarameters which can be taken to & andb/c. We set
ergodicity follows. c=1. ’

The algorithm presented here has many similar features to 1o pwBC imply that all arrows on the top and bottom
the loop algorithn(8]. The loop algorithm breakup rules for ¢ yhe |attice are pointing inward, while all arrows on the left
the symmetric eight-vertex model can be chosen identical tq, right boundaries are pointing outward, as shown in Fig.
Eq. (3), as can be seen from R¢f], whenever the weights 4,
are such that no bounces are needed in the directed-loop 14 jnyestigate the spatially inhomogeneous behavior of
algorithm. However, in parameter regimes Where_ bou_nceﬁﬂS model we focus on the polarizatiogy(x,y) [12,13,
are needed, the related feature in the loop algorithm is 1Q,picp, js the ensemble average of the arrow direction on the
freeze mdependem loops tpgether. Bounces and freezmgedge with coordinateéx,y) on theNx N lattice. The coor-
of Io_ops are very different in how they act to change thedinate system used is shown in Fig. 4. Due to the symmetry
configuration. While the bounce process is a local resistancsi ihe model it is sufficient to consider the polarization of the

to changing a vertex, “freezing” causes big nonlocal Changeﬁorizontal arrows only. The value 41) is assigned to an

of the vertex configuration. There are also other differences; - : :
) arrow pointing to the righgleft) and the ensemble average is
For general vertex models the set of nonfreezing/bouncefree

solutions is always smaller for the loop algorithm than fornorr_'nalized by dividing by the partition function. Therefore,
the directed-loop algorithm. This allows the directed—loopXN lies between ~1 and 1.

algorithm to be efficient in a larger region of parameter space Obviously, yy is independent of the coordinates of the
9 ; ger reg P . P edge in case of PBC. For these boundary conditiggss
than the loop algorithm. In particular this applies to the

E known in the thermodynamic limit, and exhibits ferroelectric
asymmetric eight-vertex model.

Note that the need for bounces is generally not so crucial b
for higher-vertex models with many weights of the same
magnitude, thus we expect that the directed-loop algorithm
should work well in simulating these. Note also that an al-
gorithm based on the directed-loop idea was recently dem- 1
onstrated to be effective in simulating classical integer-
valued link-current modelgLQ].

tlj:tj]_:VVj j:2,3,4,

Ill. SIX-VERTEX MODEL WITH THE DWBC

The six-vertex model with the DWBC was introduced in
Ref. [11] in connection with the calculation of the correlation FIG. 5. The diagram of the six-vertex model in terms of the
functions for exactly solvable 1+1 dimensional modgk weightsa andb. One hasA>1 in the regions | and I, —£A<1
Here we recall the definition of the model in brief, referring in the region Ill, andA < -1 in region IV. The dotted quarter circle
for further details to the Ref{12] where a more detailed corresponds ta\=0.
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order, antiferroelectri¢AF) order or no order, depending on 1= ' Iy=]| o)
the position on thda,b) plane. Thus, three phases exist in L Sy X
the six-vertex model with PBC: ferroelectric, antiferroelec- 051 . X xx
tric, and disordered phase. In Fig. 5 the phase diagram on the ” J xx;ix""" y=17
(a,b) plane for the model with PBC is plottgdf., Fig. 8.5 o | ﬁxh"
of Ref. [2]). x'z' Us x5
Introduce a parameteX by the formula - xxxii X
2, 12 0.5 ,(""x"” X
= a+b’-1 (5) Lo X N = Monte Carlo
2ab Ve X x-x Exact
_1(—)()()-§Xxxxx»xl>‘ ) . .

The casel >1 (regions | and Il in Fig. corresponds to the 1 | l y=1 WW<
ferroelectric phase; the case <A <1 (region Ill in Fig. 5 X X o

- y=9 X

to the disordered phase; the case€ -1 (region IV in Fig. 5
to the AF phase.

Figure 5 may be considered as the phase diagram for the
model with the DWBC, in the sense that the free energy
takes a different analytic form in regions | through (See
Ref. [14] for detaily. But, in the case of DWBC the polar-
ization yy depends on the position of the edge. In Sec. IV we
show numerical results for the polarizatigr(x,y) of the
horizontal arrows as the parameterandb are varied.

Making use of the directed-loop algorithm described in
the previous section for simulation of the model with the
DWBC one should treat vertices belonging to the boundary 5 ¢ Polarizationyy(x,y) as a function ofx for different
and_ the bulk vertices dif_'ferently. In the bulk one finds by, es ofy. Vertex weightsa=b=1/,2. Results for two different
settingd=W,=0 andc=1 in Egs.(3), that bounces are only system sizes are show=32 (upper panel and N=64 (lower
necessary whea+b<1 or|a—b|> 1. For the boundary ver- pane). The filled symbols are Monte Carlo results, while the

tices the loop is not allowed to exit on the boundary edgesgrosses are exact results gotten from R&5]. The dotted lines are

because the arrows on these edges are fixed by the boundajiides to the eye.

conditions. This leads to more restricted equation gaemy _ )

Ws are equal to zepofor the boundary vertices and gener- itS boundary values are termed “frozen” regions. Going fur-

ally requires the inclusion of bounce processes. ther into the bulk, there is a transition to a “d|so_r<jered” re-
Another important point which should be mentioned is 90N, where apart from small wiggles due to the finite system

that the DWBC do not violate the ergodicity of the algorithm SiZ&: the polarization changes smoothly. It is interesting to

even though loops which wind around the boundaries ar ote that there never is any extended regime where the po-

excluded. These winding loops are needed in order to chan ?vréze;irflct)ﬁelifrz:zrgr’\'?;r:z Egiesgﬁf:rgg,r, I:eB%n'ghee}[rsagﬁgLorérbae;
the net polarization in the&- or y-direction. However, one 9 9 P

. o ) th tem size is incr n n mparing th
can verify that the boundary conditions restricts the net poiwetz)sgasn?els isn Ie:igs 6C eased, as can be seen by comparing the
larization in both these directions to be zero for any configu- It is convenient to visualize the behavior of the polariza-

rat|on, SO yvmdmg loops are not necessary to samplg the fuHon using grayscale plots, where gray values are assigned to
configuration space allowed by the boundary conditions. values ofyy(x,y) and each pointx,y) corresponds to a lo-
cation of the midpoint of a horizontal edge following the
V. RESULTS layout Qesc_ribed in Fig. 4. Fam=b=1/y2 such a plot is
shown in Fig. 7a). The four “frozen” corners are clearly
In this section we present the results of the simulations foapparent. In these regions, the vertices are all of the same
the polarizationyy(x,y) in the disordered, antiferroelectric, type, and are, from upper left to bottom right, by, b, a,,
and ferroelectric phases. respectively. To measure the area of the “frozen” regions, we
(i) Disordered phase: <4 A< 1. First consider the par- define a threshold value=0.08, such that point$x,y)
ticular caseA=0 (dotted quarter circle in Fig.)5An exact  where|y\(X,y)|>1-¢ are judged to be in a “frozen” region.
expression foryy(X,y) in this case was obtained by Kapi- Applying this we find that each “frozen” corner is 4.6% of
tonov and Pronk’(?recently. To check our algorithm we have the total area. This value changes relatively little changing
compared results for the polarization at the poawb the value ofe.
=1/y2 with the exact results of Refl15]. The comparison Going away from theA=0 curve, let us follow along the
can be seen in Fig. 6, where the polarization is shown as diagonal,a=b, towardsA = first, see Fig. 7. As the values
function of x for different values ofy and system sized\. of the vertex weights andb increase, the area of the “fro-
One can clearly see that the boundary values of the polarizaen” regions decreases. We find that with0.08 each fro-
tion, +1, extends a finite distance into the bulk and this diszen corner in(b) is 4.0% of the total area, and 2.8% (i0).
tance depends on The areas where the polarization stays atFor very large values ofi=hb, the polarizationyy(x,y) in-
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(@)

(d) (b)

I 0000
L — |
= 0 1 ! 0

(c)

-

o ) FIG. 8. Grayscale plot of the polarizatiop(x,y) for N=64.
FIG. 7. Grayscale plot of the polarizatign(x,y) for N=64in 1,4 \eighta=1/4, while the weightb is chosen to bé&=115/16

the disordered phasg; Vertex weights are eqaa@lb,.and run - (A=0, disordered phasen (a) and b=5/4 (A=1, the boundary
through the values X2, 1, 3, 100 for(a)<(d), respectively. The between disordered and ferroelectric phasesb).
corresponding values df are 0, 1/2, 17/18, 1-8107°.

creases linearly from -1 to 1 ¢%-1)/N goes from O to 1,
independent of, as can be seen in Fig(dj. This is consis-
tent with what is expected from an ensemble of configura-
tions with the smallest possible numberoaype verticesN!
configurations each with a singtetype vertex on every row
and column.

Consider nowa#b. Because of the symmetry of the
phase diagram, Fig. 5, one can chobsea without loss of
generality. The weights of the vertices in the four “frozen”
corners are no longer equal, and the “disordered” region dis-
torts into an oblong shape oriented along the diagonal with
large corners ob, and b, vertices, see Fig. 8. The simula-
tions fora=1/4 andb=+15/16 are shown in Fig.(8). The
width of the oblong region shrinks dsincreases keeping
fixed,a=1/4, andbecomes very thin at the boundary to the
ferroelectric region, as can be seen in Fi¢h)8Along this
boundaryp=a+1, the width of the oblong region expands as
a increases witlN being constant.

(i) Antiferroelectric phaseA <-1. The simulations in the
AF phase are less efficient than in the disordered phase. This
is partly due to the presence of the bounce processes also for
bulk vertices, but another feature which makes the simula-
tions difficult in this phase is the degeneracy of the two types
of AF orders. In the AF phase it becomes energetically fa-
vorable to have a maximum possible amountdfpe ver-
tices, which is achieved by placirgtype vertices in a dia-
mond placed in the center of the lattice. For an eMethis
diamond can be placed in two equivalent places differing
only by one lattice spacing, as shown in Fig. 9. The Monte
Carlo algorithm is however slow in tunneling between these
configurations, and this sets a limit to its performance. For FIG. 9. The two configurations having maximum number of the
odd N there is no such a degeneracy and the simulations ar@type vertices. These vertices are marked by filled circles. The size
more efficient. Greyscale plot of the polarization farb of the lattice is 4x 4.
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FIG. 10. Grayscale plot of the polarizatigr(x,y) for two dif-

A — 20 —aq FIG. 11. Grayscale plot of the polarizatigf(x,y) for N=32.
ferent system sized=32 in (a) and (b) andN=33 in (c) and (d). . ~ ) . . ~
Vertex weights are equah=b, and take the value 1/@=-1, the | "¢ Weighta=1/4 while the weightb is chosen to b&=1/2 (A
boundary between disordered and AF phages (a) and (c), and - +1/4. AF phasgin (&) andb=3/4 (A=-1, the boundary be-
the value 3/8A=-23/9, AF phasgfor (b) and(d). tween disordered and AF phasés (b).

=1/2 anda=b=3/8 areshown in Fig. 10. We have plotted
results for both even and oddl difference larger than 0.016, which is comparable to the sta-
One can see that the “disordered” region have a diamondistical errors of our simulations.
like shape, which is consistent with the domination of the
c-type vertices in the AF phase. As=b decreasegA —
—x), the shape of the “disordered” region should converge to
the one shown in Fig. 9, that is, the boundaries of the “dis-
ordered” region should become more and more straight. But,
this convergence appears to be rather slow and it is not easy We have considered the phase diagram of the model for
to see it in Fig. 10. What one can clearly see in Fig. 10 is thdéhe givenN. We now discuss the following problem: what
difference between odd and evih For oddN AF oscilla-  happens withyy(x,y) in the thermodynamic limitN — co? It
tions are clearly visible in the center of Figs(@0and 1@d),  is natural to expect that differences in the behavior of the
while they are much weaker for eveM, Figs. 1@a) and  polarization in the different parts of the phase plane, Fig. 5,
10(b), reflecting the degeneracy mentioned above. These dilécome more pronounced s . As one can see in Fig. 6,
ference between even and obdldcan also be clearly seen the wiggles in the “disordered” region decrease whthn-
from Fig. 14. For oddN AF oscillations are weaker @=b  creasing, and this is, indeed, the case for all the pdas)
=1/2than ata=b=3/8. lying in the disordered phase-1<A <1, region Il of the
For a# b grayscale plots are shown in Fig. 11. Here AF
oscillations in the middle of the plot are visible far=1/4

V. DISCUSSION

andb=1/2 [Fig. 1Xa)], while they have almost vanished at e N=16
the boundary between the AF and disordered phases, Fig. | »-n V=32
11(b). - 0.5+ N=64

(i) Ferroelectric phasei>1. The behavior of the polar-

ization in this phase is essentially the same as shown in Fig. ;2‘ 0-
8. Vertices of typeb dominate completely in the region Il of 0.5
the phase plane Fig. 5, while in the region | of the phase r
plane the dominant vertices are those of tgoédf one goes '10 o4 o6

along the phase boundaby-a+ 1, towardsa=, the widths

of the “disordered” region is increased, as we mentioned at

the end of parti) of this section. FIG. 12. Boundary polarizatiogy(x, 1) is shown for three sys-
The exact expression is knowi?2] for the polarization tem sizesN=16, 32, and 64; vertex weigh&s=1/4 andb=3/4

along the boundaryyy(x,1). Comparing our Monte Carlo (A=-1, the boundary between disordered and AF phadeste the

data to this expression we find that in no cases is the absolutteepening of the curve &increases.

(x-1)IN
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1H o e N=]6
[|=-=N=32
0.5 H+—= N=64

-1 1 f n 1 1 | 1 | 1
0 0.2 0.4 0.6 0.8 1
(x-1}IN

(N+1)/2)

FIG. 13. Polarizationyy(x,y=N/2+1) is shown for three sys-
tem sizesN=16, 32, and 64. Vertex weights=1/4 andb=5/4
(A=1, the boundary between disordered and ferroelectric phases
Note the steepening of the curve lddncreases.

X(y=

| | | | | 1
0 0.2 0.4 0.6 0.8 1

phase plane, Fig.)sand checked in our simulations. We ex- (x-1)IN
pect that these wiggles, coming from the antiferroelectrically
ordered configurations, should vanish completely in the ther- FIG. 14. Polarizationy(x,y) along lines of constant, where
modynamic limit for this phase. The next conjecture we wanty=N/2+1,y=(N+1)/2 for even and odd\, respectively, is shown
to make is on the behavior of the polarization along thesor N=8, 16, and 32(upper panéland N=9, 17, and 33lower
boundary,xy(x,1). It is known that forA=0, as well as at pane). Vertex weightsa=b=3/8 (A=-29/9, AF phasg
the pointa=b=1, the boundary polarization becomes the
Heaviside step function in the thermodynamic liffti2,16.
We conjecture that this is the case for the whole disordered : . . .
phase; the position of the discontinuity will depend on theW To this end, consm_jer the an_tlferroelectrlc phake; —1. .
ratio betweena and b. We present Fig. 12 to support this ' ¢ expect th_e St?p""‘e behawor of the bOU”d?‘W _po_larlza-
conjecture. tion, xn(X,1) in this phase in the therquyngmlc limit, as
Furthermore, note that fa=b=1/42 there is a mapping well as the existence of the “f_rozen” regions in t_he corners.
(see, e.g., Ref14]) of the six-vertex model with the DWBC Our statements on the behavior .of the polarization deep in-
onto the so-called model of domino tilings of the Aztec dia-Side the lattice are more speculative. Berb and everN the
mond. The thermodynamic behavior of the latter model wadeight of the AF oscillations decreases, while for ddthese
investigated in Refs[17]. It shows the same features as in oscillations seem to be nonvanishing in the lakgkmit, see
Fig. 7(a): the tilings are ordererozen in the corners of the Fig. 14. Our belief is that there is a finite region with AF
diamond, while going inside one falls into the “disordered” order for oddN, asN— e, while for evenN the polarization
region. All these features were named the “Arctic Circleexhibits no such an order.
Theorem,” since the shape of the boundary between the “fro- Finally, we would like to stress that the directed-loop al-
zen” and “disordered” regions is circular. The transition be-gorithm can also be applied to study the six-vertex model
tween “frozen” and “disordered” regions is step-like, with with any boundary conditions, and the higher-vertex models.
the height of the step function depending on the coordinateshese could help in solving the problems for which the ana-
x andy. lytical methods are difficult to apply. For example, the six-
We expect the analog of the Arctic Circle Theorem to takeyertex model with any boundary conditions can be consid-
place for the whole disordered phase, <A<1: there ered as a model for a description of interface roughening of a
should be the “frozen” regions, “disordered” region, and acrystal surfacg18]. An important point in studies of Ref.
sharp transition between them. We expect also that the prq48] is the existence of exact analytical results for the six-
file of the boundary between the “frozen” and “disordered”vertex model with PBQ1,2]. Therefore, numerical data re-

regions is circular fom=b, even though there is no obvious ferring to other boundary conditions than PBC could give
symmetry protecting this statement. Note that the veryhew insight into these studies.

“smeared” profile in Fig. ®) does not contradict our hy-
potheses becaus¢=64 is relatively small compared to the
values of the vertex weightsandb and is thus far from the
thermodynamic limit for this point of the phase diagram.
For the ferroelectric phas& > 1, the grayscale plot Fig.
8(b) together with the scans shown in Fig. 13 leads to the The authors thank V.V. Cheianov and A.G. Pronko for
natural conjecture: in the whole region Il of the phase planeuseful discussions and the authors of the widry for pro-
Fig. 5, a sharp discontinuity from a “frozen” triangular re- viding us with their data. M.B. Zvonarev's work was sup-
gion with by vertices to the one with, vertices occurs in the ported by the Danish Technical Research Council via the
thermodynamical limit. In region | the behavior is essentially Framework Programme on Superconductivity. Monte Carlo
the same, one should simply uagype vertices instead of calculations were in part carried out using NorduGrid, a
the b type. Nordic facility for Wide Area Computing and Data Handling.
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